Abstract. We classify normal del Pezzo surfaces with base number one containing a nonrational singularity. They form a huge infinite hierarchy; contractions of ruled surfaces lie on top of it. Descending the hierarchy hinges on a generalized version of elementary transformations. This requires an analysis of contractibility for surfaces with uneffective canonical class. As an application, we determine the structure of 2-dimensional anticanonical models for normal surfaces. The results are valid over perfect ground fields of arbitrary characteristic.
Introduction
Classically, proper smooth surfaces with ample anticanonical divisor are referred to as del Pezzo surfaces. Prominent examples are P 2 and P 1 ×P 1 . In view of Nakai's ampleness criterion and Mumford's rational intersection numbers, the following is a natural generalization: We call a proper normal surface X del Pezzo if (−K 2 X ) > 0 and (−K X ) · C > 0 holds for all curves C ⊂ X. Note that X is not necessarily Q-Gorenstein.
Such surfaces were studied by several authors. For example, Hidaka and Watanabe [9] analyzed the Gorenstein case. Sakai [18] studied complex rational surfaces and investigated their anticanonical ring. Bȃdescu [2] showed that Sakai's result do not carry over to nonrational ruled surfaces. Normal del Pezzo surfaces also occurred in his study of degenerations of complex ruled surfaces [3] . Fujisawa [5] considered complex normal del Pezzo surfaces; restricting the class of singularities, he obtained a classification.
We are mainly interested in normal del Pezzo surfaces X with base number ρ(X) = 1. Contractions of sections on suitable P 1 -bundles give handy examples. This suggests that every X might be obtained from such a contraction by a sequence of generalized elementary transformations. Working over perfect ground fields of arbitrary characteristic, we show that this is indeed the case, at least if X contains a nonrational singularity. The case of nonperfect ground fields, however, remains obscure.
It turns out that our del Pezzo surfaces X share many properties with their classical counterparts. A numerical analysis reveals that the set of all such X forms a huge infinite hierarchy controlled by the effects of elementary transformations. The effects heavily depend on the monoid SL 2 (N) in its various disguises and the corresponding theory of continued fractions.
Along the way, we give several contraction criteria for surfaces with uneffective canonical class; they suggest to view our del Pezzo surfaces as 'minimal models' in the category of normal surfaces. In order to illustrate and test our ideas, we discuss the contractibility of P 1 -bundles; here strong differences between characteristic zero and positive characteristics emerge. As an application of our results, we determine the structure of 2-dimensional anticanonical models Proj( H 0 (X, −nK X )) for normal surfaces. This generalizes Bȃdescu's observation [2] that the anticanonical ring might not be finitely generated and offers a geometric explanation.
This article is divided into six sections. In the first section, we collect some general facts about normal surfaces with uneffective canonical divisor. The second section offers a structure results for such surfaces containing a nonrational singularity. In section three we illustrate our ideas with contractions of P 1 -bundles. The interaction of elementary transformations and continued fractions is laid down in section four. Our main result, the classification of normal del Pezzo surfaces with base number one containing a nonrational singularity, appears in section five. In the last section, we discuss anticanonical rings and anticanonical models.
Surfaces with uneffective canonical class
First, let us fix some notation. Throughout the paper, we work over a perfect ground field k of arbitrary characteristic p ≥ 0. The word surface refers to a 2-dimensional k-scheme X with Γ(X, O X ) = k.
Let X be a proper normal surface. According to tradition, q(X) = h 1 (O X ) denotes the irregularity and p g (X) = h 2 (O X ) the geometric genus.
For Q-Cartier divisors, the intersection product is defined as usual; for arbitrary Weil divisors, one has to use Mumford's rational intersection numbers ( [14] , p. 17). The relation of numerical equivalence yields two quotients N (X) = Z 1 (X)/ ≡ and N 1 (X) = Pic(X)/ ≡, together with an inclusion N 1 (X) ⊂ N (X). The rank of N 1 (X) is called the base number ρ(X). For normal surfaces with bad singularities, the base number ρ(X) might become zero (see [20] ). However, this is not an issue here: Proposition 1.1. Suppose p g (X) = 0. Then each Weil divisor on X is numerically equivalent to a Q-Cartier divisor; moreover X is projective.
Proof. Let X ′ → X be a resolution of singularities, R ′ ⊂ X ′ the exceptional curve, and X ′ = X /R ′ the corresponding formal completion. To check the assertion, one uses the fact that p g (X) = 0 implies that Pic
For details, see [21] , Corollary 4.4.
Let Y be another proper normal k-scheme, and f :
of the generic fiber is called the genus of the fibration. Note that the generic fiber X η is regular. In characteristic p > 0, however, it might fail to be smooth: Well-known examples for such deviant manners are quasielliptic fibrations for p = 2 or p = 3.
If Y is a surface, we say that f : X → Y is a contraction. A curve R ⊂ X is called contractible if there is a contraction f : X → Y such that R is the exceptional curve. Note that this is a delicate condition: There are often many integral curves R ⊂ X with R 2 < 0 failing to be contractible; see Proposition 3.4 for an example. However, for vertical curves on fibrations of genus zero, there is no problem: Another contraction criterion uses the pseudoeffective cone; this is the closed convex cone NE(X) ⊂ N (X) R generated by all curves C ⊂ X. Its elements are called pseudoeffective. The pseudoeffective cone has full dimension and is generated by its extremal rays.
According to Kollár [12] , Lemma 4.12, each extremal ray R + E ⊂ NE(X) with E 2 < 0 is generated by an integral curve R ⊂ X.
Suppose the pseudoeffective cone is 'simplicial', that is, the convex hull of n = dim(N ) R linearly independent extremal rays R + E i ⊂ NE(X). This holds for example if n = 2. Write
Proof. The conditions ensure that K X + nR i is not pseudoeffective for all integers n ≥ 0. According to [21] , the contraction f :
A proper normal surface with (−K 2 X ) > 0 and (−K X ) · C > 0 for all curves C ⊂ X is called a del Pezzo surface. This holds, for example, if −K X is an ample Q-Cartier divisor. In general, however, it might happen that no multiple of the anticanonical class defines a closed embedding into projective space. We dwell on this point in section 6. 
For surfaces with many multi-anticanonical sections, contractibility is automatic:
Proof. Suppose K X + nR = C is effective for some integer n. Consequently, −mK X = mnR − mC, and we have an inclusion H 0 (mnR − mC) ⊂ H 0 (mnR). Using R 2 < 0, it is easy to see that h 0 (mnR) = 1. Hence h 0 (mK X ) ≤ 1, contradiction. Again [21] , Corollary 5.2 applies, and R ⊂ X is contractible.
The main result in this section reduces surfaces with canonical class not pseudoeffective to a very special situation: Proof. For ρ(X) = 1, there is nothing to prove. Suppose ρ(X) ≥ 2. Choose a pseudoample class A ∈ N (X) R with K X · A < 0. Let R + E ⊂ NE(X) R ∩ A ⊥ be an extremal ray. Suppose E 2 < 0. Then R + E is generated by an integral curve E ⊂ X. Since (K X + nE) · A < 0 holds for all n ≥ 0, the class K X + nE is not pseudoeffective, so the contraction X → X ′ of B exist by [21] , Corollary 5.2. Since A comes from an ample class on X ′ , the class K X ′ is not pseudoeffective, and can proceed by induction on the base number ρ(X).
Suppose E 2 = 0. Then the existence of a fibration p : X → B of genus zero easily follows from Mori's result [13] , Theorem 2.3. Since R + E is extremal, each fibre X b , b ∈ B is irreducible. Since the generic fiber Y η has Pic 0 (Y η ) = 0, a straightforward argument gives ρ(Y ) = 2. Remark 1.7. If p : Y → B is a fibration of genus zero with irreducible fibers, it might or might not be possible to contract Y , and the result might or might not be del Pezzo. We take up this issues in sections 3 and 5.
Surfaces containing a nonrational singularity
In this section, the task is to determine the structure of proper normal surfaces Z with uneffective multicanonical classes containing a nonrational singularity. The following innocuous observation will be crucial: Lemma 2.1. Suppose Z is a proper normal surface with irregularity q(Z) = 0. If no multiple nK Z , n ≥ 0 is effective, then Pic(Z) is a free Z-module of finite rank.
Since Z is integral and L is nontrivial, the first summand is zero. As
is not effective, the second summand vanishes as well. Thus χ(L) ≤ 0, contradiction. Hence Pic(Z) is torsion free.
The group scheme Pic 0 Z vanishes since its Lie algebra H 1 (X, O X ) = 0 does; hence the map Pic(Z) → NS(Z) is bijective. It is well-known that the Neron-Severi group is finitely generated. We conclude that Pic(Z) is free and finitely generated.
Remark 2.2. Let µ n ⊂ G m be the group scheme of n-th roots of unity. Using Raynaud's description of torsors for diagonizable group schemes ( [17] , Prop. 6.2.1), we see that each µ n -torsor on X is trivial, provided that k is algebraically closed.
Suppose Z is a proper normal surface. Let f : X → Z be a resolution of singularities, R ⊂ X the exceptional divisor, and X = X /R the corresponding formal completion. Choose a maximal subcurve R ′ ⊂ R whose completion
Recall that the Kodaira dimension κ(Z) of a singular surface is defined to be the Kodaira dimension κ(X) of its desingularization.
The following is a central result for this paper. (ii) The curve S ⊂ Y is a section over B, and each singularity on Z is rational except for z = g(S) (iii) The irregularity is q(Z) = 0, and Pic(Z) is a free Z-module of finite rank.
Proof. Since κ(X) = −∞, the Enriques-Kodaira classification ensures the existence of a fibrationX →B of genus zero over the algebraic closure k ⊂k (for a characteristic free approach, see Mumford [16] , Section 1). Since p g (Z) = 0, the sequence
Thus each horizontal curve onX has arithmetic genus > 0. Consequently, the Galois group Aut(k/k) permutes the vertical curves, so the fibration descends to a fibration X → B. The curve R ′ ⊂ X must be vertical, hence there is an induced fibration p : Y → B. This proves assertion (i).
By Proposition 1.2, the curve S ⊂ Y is horizontal. For each integer n ≥ 0, the kernel of the restriction homomorphism Pic [8] , Sec. XII, Cor. 1.5, it must be affine, since S → B is proper. In characteristic p = 0, the group scheme Pic τ Z is automatically reduced. Since H 2 (O Z ) = 0, the same holds for p > 0 (see [15] , Corollary on p. 198). Being smooth, proper, and affine, Pic τ Z isétale. This implies q(Z) = 0. According to Lemma 2.1, Pic(Z) is free and finitely generated. This proves assertion (iii). We also see that Pic τ Z = 0. It remains to verify assertion (ii). Since S ⊂ Y is horizontal, each integral component has genus g > 0. Hence S is geometrically integral; in particular k → Γ(O S ) is bijective. We also see that z = g(S) is the only nonrational singularity on the surface Z.
Seeking a contradiction to Pic τ Z = 0, we assume that S ⊂ Y is not a section. Let S ′ → S be the normalization, δ be the length of O S ′ /O S , d be the degree of the ramification divisor K S ′ /S , and q > 1 the degree of S → B. Then
Suppose p : S → C is a separable morphism of curves; then d ≥ 0. Inserting p a (S) = g into the above equation, we deduce that B is an elliptic curve and
S is an isogeny of degree q between elliptic curves, whose kernel is a group scheme of length q 2 > 1, contradicting Pic τ Z = 0. Suppose the characteristic is p > 0 and that p : S → B is a purely inseparable morphism, say of degree q = p n . It follows that S ′ is isomorphic to B, and that the induced morphism S ′ → B is isomorphic to the iterated k-linear Frobenius Fr Proof. Let f : X → Z be a resolution of singularities. Clearly, the vertical component
Remark 2.6. The arguments in this section are inconclusive for nonperfect ground fields. An obstacle are curves with 'genus change'; compare Tate's article [22] .
Contractions of P 1 -bundles
The simplest singular del Pezzo surfaces with a nonrational singularity are found among contractions of P 1 -bundles. To illustrate our ideas, we discuss such contractions.
The results concerning characteristic zero are well-known and probably hold in greater generality. For example, Sakai [19] gives a detailed account for complex singular fibrations. There are, however, strong differences between characteristic p = 0 and p > 0. Hidaka and Tomari [10] studied the nature of resulting singularities in positive characteristic, provided that the exceptional curve is a section.
Fix a smooth curve B of genus g > 0 and a
R is 2-dimensional and generated by two extremal rays. One is the so-called fibre class
The second extremal ray may or may not be generated by a curve.
Proof. Write nK Y /B ≡ −2R + λF for some λ ∈ Z. In the special case n = 1, the adjunction formula gives λ = R 2 , and K Proof. The condition is sufficient: Let S ⊂ Y be the section with S 2 = −e < 0. Since K Y ≡ −2S + (2g − 2 − e)F , the contraction exists by Proposition 1.3. Since K Z = (2g − 2 − e) · g * (F ), the resulting surface is del Pezzo.
The condition is necessary: By Theorem 2.3, the exceptional curve S ⊂ Y is a section. Since 2g − 2 − e is the coefficient of K Z , the condition follows. Proof. Assume to the contrary that there such a curve exists. Let n ≥ 2 be its degree over B. The Hurwitz formula gives
On the other hand, Lemma 3.1 yields
Inserting the second inequality into the first gives a contradiction.
In characteristic zero, we conclude that each integral curve S ⊂ Y with S 2 < 0 is a section. Suppose there is such a section. Setting E = p * (O Y (S)) and L = p * (O S (S)), we obtain an extension
with X = P(E) and S = P(L). Conversely, assume that the contraction g :
Since Z contains only one singularity, it is projective. Let L be the preimage of an ample invertible O Z -module. We calculate the restriction L | 2R in two ways. Since L comes from Z, the restriction is trivial. On the other hand, L | 2R defines a class (0, α) ∈ Pic(2S) according to the decomposition of Pic(2S). A straightforward cocycle computation left to the reader reveals that α ∈ H 1 (S, O S (−S)) coincides with a multiple of the extension class of E in H 1 (B, L ∨ ). Since the characteristic is zero, this extension class is zero.
This should be contrasted with the situation in positive characteristics: Theorem 3.5. Suppose p > 0. Let E be a rank two vector bundle on B with X = P(E). Then the following are equivalent:
(i) For some integer n ≥ 0, there is a splitting (Fr
There is a curve S ⊂ Y with negative selfintersection.
Proof. First, note that P(E ′ ) ≃ P(E) if and only if there is an invertible sheaf L with E ′ ≃ E ⊗ L; hence the condition in (i) depends only on X and not on the particular choice of E.
Suppose (i) holds, say with deg(
is another disjoint section, we conclude as in the proof of Proposition 3.4 that S ′ ⊂ Y ′ is contractible. Similarly, the image S ⊂ Y of S ′ is contractible as well. Hence (ii) holds. The implication (ii) ⇒ (iii) is well-known. Finally, suppose an integral curve S ⊂ Y has S 2 < 0. By Proposition 3.3, the projection S → B is purely inseparable, say of degree p n . Hence its normalization S ′ is isomorphic to B, and the induced morphism S ′ → B corresponds to the iterated k-linear Frobenius Fr n B/k : B → B. Making base change along this morphism, we can assume that S ⊂ Y is a section. The section defines an extension
The extension class for E lies in
splits. Thus condition (i) holds.
Elementary transformations and continued fractions
In this section, we calculate the behaviour of multiplicities on fibrations under birational transformations. The underlying idea is to use the monoid SL 2 (N) in its various disguises. The results, however, are technical. In the next section, they will be applied for the classification of singular del Pezzo surfaces.
Rather than working over a ground field, the following set-up is natural for this section: Suppose A is a discrete valuation ring with residue field k and fraction field K, and let X be a proper normal 2-dimensional A-scheme with Γ(X, O X ) = A. We call such schemes A-surfaces.
The generic fibre X ⊗K is a normal curve over the function field K, degenerating into the possibly singular closed fiber X ⊗ k. Call X is minimal if the closed fibre is irreducible. If X is not minimal, a result of Bosch, Lütkebohmert and Raynaud ([4] , Cor. 3, p. 169) ensures that each irreducible component of X ⊗ k is contractible, at least if the ground ring A is henselian. Therefore, we assume that A is henselian.
Suppose Y is a minimal A-surface as above. We seek to describe the passage to birational minimal A-surface in a clear and manageable way. Let y ∈ Y be a closed point in Reg(Y ) and f : X 1 → Y be its blowing-up. In the following, we consider sequences of blowing-ups
subject to the condition that each center x i ∈ X i lies on both the exceptional divisor
i (x i−1 ) of the preceding blowing-up and another irreducible component of X i ⊗ k. This implies that the intersection graph of X i ⊗ k is a chain
Here T i is the strict transform of Y ⊗ k, and E i is the exceptional divisor of the blowing-up f i : X i → X i−1 . The two neighbors of E i are labeled L i and R i ; they are distinguished by the fact that L i lies between S i and E i . In the special case i = 1 we have T 1 = L 1 and R 1 = ∅.
Observe that there are two alternatives for the blowing-up f i+1 :
In other words: The sequence X n , . . . , X 1 is uniquely determined by the initial center y ∈ Y , and a word w = L l1 R r1 L l2 . . . of length n ≥ 0 in two letters L, R not starting with R. The rule is: If the i-th letter in w is L, the center
Set X = X n+1 , let h : X → Y be the composition of the blowing-ups, and h : X →Ŷ be the contraction of all irreducible components in X n+1 ⊗ k except for E n+1 . We call the resulting minimal A-surfaceŶ the elementary transformation of Y with respect to the word w = L l1 R r1 . . . and the initial center y ∈ Y . Starting with a regular minimal A-surface, it is easy to see that each birational equivalent minimal A-surface can be reached by a sequence of elementary transformations.
If Y is a P 1 -bundle, y is a k-rational point, and w = ∅ is the empty word, then the construction coincides with the classical notion of elementary transformation.
Let L, R be the free monoid on two letters and SL 2 (N) the monoid of 2 × 2-matrices with determinant 1 and natural entries. By inspection, the map
is bijective. Similarly, the map Proof. It is convenient to introduce alternative names for the curves on the blowingups. Let
be the intersection graph of X i ⊗ k. Here T i is the strict transform of Y ⊗ k as above, but A i , B i are the curves with A i ∩ B i = {x i }. They can be distinguished by the fact that A i lies between S i and B i . Let a i , b i be the multiplicities of A i , B i in the cycle X i ⊗ k. Thenμ = a n + b n .
We proceed to calculate the pairs (a i , b i ). Let a 0 = µ and b 0 = 0 be dummy
The next task is to calculate the contribution of the relative canonical divisor K X/Y on the elementary transformationŶ . 
Proof. We use the same notation as in the preceding proof, except that a i , b i denote the multiplicities of A i , B i in K Xi/Y . We introduce dummy multiplicities a 0 = 0 and b 0 = 0. By the adjunction formula, the multiplicity of E n+1 in K Xn+1/Y is a n + b n + 1. It turns out that the pairs (a i + 1, b i + 1) are easy to compute. Hence the multiplicity ofĥ * (K X/Y ) is
Together with Proposition 4.1, this concludes the proof.
It is well-known that selfintersection numbers are related to continued fractions. For the convenience of the reader, we recall the mechanism. Let
be the intersection graph of X ⊗ k, labeled in such a way that C 1 is the reduced strict transform of Y ⊗ k, and E is the reduced strict transform ofŶ ⊗ k. Let r/s > 0 be the fraction associated to the word w = L l1 R r1 . . . describing the elementary transformation, and 
The rest of the proof is much alike the preceding proofs and left to the reader.
There is still one calculation to be done. Let S ⊂ Y be a section disjoint from the initial center y ∈ Y , and R ⊂ X,Ŝ ⊂Ŷ its strict transforms. With the notation introduced before the last Proposition, Mumford's rational pullback takes the form
for certain rational coefficients γ i ≥ 0. For future reference, we determine the first coefficient:
Proposition 4.4. Let r/s be the fraction associated to the word w, µ the multiplicity of Y ⊗ k, and l = dim k κ(y).
Proof. By definition of Mumford's pullback, the coefficients γ i solve the equations
Observe that C 1 · R = 1/µ and R ∩ C i = ∅ for i > 1, since S ⊂ Y is a section disjoint from the initial center y ∈ Y . Using Kronecker's δ-function, we can rewrite the equations as (
Introducing dummy variables γ 0 = 1/(lµ) and γ m+1 = 0, we put the equations into simplified form
Here the correction factor l = dim k κ(y) is necessary since we calculate intersection numbers over κ(y) and not over k. We have γ 0 /γ 1 = 1/(lµγ 1 ). On the other hand, an easy inductive argument gives
and the result follows.
Classification of del Pezzo surfaces
In this section, Z is a proper normal del Pezzo surface with base number ρ(Z) = 1 containing a nonrational singularity. The issue is to understand the geometry of such surfaces. We show that these surfaces are arranged in an infinite hierarchy; moving inside the hierarchy involves elementary transformations.
Let f : X → Z be the minimal resolution of singularities and
the factorization over the the minimal resolution of nonrational singularities. According to Theorem 2.3, there is a fibration p : Y → B of genus zero over a curve of genus g > 0 with irreducible fibres, and the exceptional curve S ⊂ Y is a section. In the simplest case, Y is already a P 1 -bundle. Otherwise, we seek to relate Y with a P 1 -bundle. Let R ′ ⊂ X be the strict transform of S ⊂ Y , and X → Y ′ be the contraction of all vertical curves disjoint to R ′ . Then Y ′ is smooth, and the induced fibration p ′ : Y ′ → B is a P 1 -bundle. Hence the normal surface Y is obtained from the smooth surface Y ′ by a sequence 
We have to fix more notation. Let R i ⊂ X i and S i ⊂ Y i be the strict transforms of S ⊂ Y . Let y i ∈ Y i be the center of the elementary transformation Y i ← X i → Y i+1 , and w i ∈ L, R the corresponding word. Set b i = p i (y i ), let d i be the k-dimension of κ(b i ), and let r i /s i be the fraction associated to the word w i . Denote by µ i the multiplicity of Y i ⊗ κ(b i ), and by λ i the coefficient in
is the fibre class. These numbers obey the following rule:
Proof. By Proposition 4.1, the multiplicity of the fibre Y i+1 ⊗κ(b i ) is the numerator µ i r i . Moreover, we have Y i+1 ⊗ κ(b i ) ≡ d i F i+1 . According to Proposition 4.2, the denominator r i + s i − 1 is the multiplicity in (ĥ i ) * (K Xi/Yi ). Since
the claim is true. Proof. We verify the assertion by descending induction on i. For i = n, there is nothing to prove. Suppose that the statement is true for some i + 1 ≤ n. It follows from the definition of Mumford's rational intersection numbers that R
. Thus S i has negative selfintersection. By induction, we have λ i+1 < 0. According to Lemma 5.1, λ i ≤ λ i+1 . Hence Proposition 1.3 applies, and the contraction g i :
Since the canonical class is given by K Zi = λ i · (g i ) * (F i ), the resulting surface is del Pezzo.
We see that our del Pezzo surface Z = Z n is the last in a sequence Z 1 , . . . , Z n of del Pezzo surface underlying a sequence of elementary transformations 
To obtain complete command of the situation, we have to describe how such sequence comes about. The question is: Can we prolong the sequence one step further?
Suppose Y n ← X n → Y n+1 is a elementary transformation with center y n ∈ Y n in Reg(Y n ) disjoint from S n ⊂ Y n . Introduce the same notation laid down in front of Theorem 5.2 as for the preceding elementary transformations. The issue is to determine whether or not the strict transform S n+1 ⊂ Y n+1 contracts to a del Pezzo surface. The answer is given by the following formula: 
Proof. According to Lemma 5.1, λ n+1 = λ n + d n (r n + s n − 1)/(µ n r n ). This being the coefficient in K Yn+1 ≡ −2S n+1 + λ n+1 F n+1 , the condition is necessary.
Conversely, assume that the condition holds. Then λ n+1 < 0. The main problem is to check that S n+1 ⊂ Y n+1 has negative selfintersection. I claim that S 2 i ≤ λ i holds for 1 ≤ i ≤ n + 1. Suppose for a moment that this is true. Then S n+1 has negative selfintersection, and the desired contraction exists by to Proposition 1.3.
It remains to prove the claim. We proceed by induction on i. For i = 1, the fibration p 1 : Y 1 → B is a P 1 -bundle. The adjunction formula gives
Suppose the claim is correct for some i ≥ 1. Let T i ⊂ X i be the reduced strict transform of the fibre
Note that R i ⊂ X i hits the fibre over b i only in T i , since the center y i ∈ Y i is disjoint from S i . Using Mumford's definition of rational pull back, we obtain
By Lemma 5.1, the latter expression equals λ i+1 . This completes the induction, and therefore the whole proof.
Remark 5.4. It would be interesting to interpret the results in terms of moduli spaces.
Anticanonical rings and anticanonical models
Let X be a proper normal surface. Each Weil divisor D defines a graded kalgebra R(D) = n≥0 H 0 (X, nD) and in turn a k-scheme P (D) = Proj R(D). Zariski ([23] , p. 562) observed that the graded ring R(D) might fail to be finitely generated. Surprisingly, the scheme P (D) is always of finite type ( [20] , Theorem 6.2). It is either empty, a point, a proper normal curve, or a normal surface (possibly nonproper). In short: The homogeneous spectrum of a 'bad' ring can be a 'nice' scheme. Observe that if P (D) is not proper, then R(D) is not finitely generated.
Here we shall discuss the special case D = −K X . We call R(−K X ) the anticanonical ring and P (−K X ) the anticanonical model of X. Considering nonrational ruled surfaces, Bȃdescu [2] observed that the anticanonical ring often fails to be finitely generated.
We are interested in the case that the anticanonical model is a surface. A sufficient condition is the following:
Proof. Riemann-Roch for singular surfaces (see [7] , Thm. 2.2) and Serre duality yield
with bounded error function O(1). Hence there is an integer n > 0 and a curve C ⊂ X representing −nK X . By [21] , Proposition 3.2, the complement U = X − C has 2-dimensional global section ring Γ(U, O X ), since C 2 > 0. Because the affine hull
is an open subset of P (−K X ), the assertion follows.
Let V = P (−K X ) be the anticanonical model. There is always a rational map r : X → V defined as follows: For each s ∈ H 0 (−nK X ), let X s ⊂ X be the open subset where s : O X → O X (−nK X ) is bijective. Then V is covered by the affine hulls X aff s = Spec Γ(X s , O X ), and the canonical morphisms X s → X aff s define a morphism r : U → V on U = ∪X s . Obviously, O V → r * (O U ) is bijective. The complement X ′ = X − U is called the stable base locus of −K X . The following result complements Bȃdescu's analysis [2] . In view of the classification in the preceding section, it should not be too surprising: Proof. Choose some n > 0 such that the stable base locus X ′ of −K X equals the base locus of −nK X . Let F ⊂ X be the fixed curve, and M = −nK X − F the movable part of −nK X . Set F ′ ⊂ F to be the union of all connected components C ⊂ F with M · C > 0.
I claim that F ′ is contractible. Indeed: Let R ⊂ F ′ be an integral curve. Suppose R 2 > 0. By the Riemann-Roch theorem for singular surfaces,
with some bounded error function O(1). Obviously, K X − tR is not effective. Hence there is an integer t > 0 such that tR is linearly equivalent to a curve not containing R. This contradicts R ⊂ X ′ . Suppose R 2 = 0. Then K X · R < 0. If follows from Mori theory ( [13] , Thm. 2.3) that R defines a fibration X → B of genus zero. So a multiple of R moves, contradicting R ⊂ X ′ . Thus each curve R ⊂ F satisfies R 2 < 0. By Proposition 1.5, R is contractible. Observe that the contraction of R ⊂ F ′ does not change the anticanonical ring. Hence we can proceed by induction and conclude that the whole curve F ′ is contractible. Contracting it, we can additionally assume that F ′ = ∅, so M · F = 0. Now [21] , Proposition 6.6, ensures M 2 > 0, since P (−K X ) is 2-dimensional. Let R = ∪R i be the union of all curves R i ⊂ X with M · R i = 0. By the Hodge index Theorem, the intersection form (R i · R j ) is negative definite. By definition, F ⊂ R. According to Proposition 1.5, the contraction f : X → Z of R exists.
Recall that P (−K X ) is covered by open subsets X aff s for s ∈ H 0 (X, −nK X ). Clearly, X Let Z ′ ⊂ Z be the stable base locus of −K Z = f * (−K X ). By construction, it is discrete.
Suppose Z is Q-Gorenstein. By the Zariski-Fujita Theorem ( [6] , Thm. 1.10), a multiple of −K Y is a base point free Cartier divisor, hence Z ′ = ∅. This implies X ′ = F , and in turn P (−K X ) = Z.
Suppose Z is not Q-Gorenstein. Choose a singularity z ∈ Z where −K Z is not Q-Cartier. Since rational singularities are Q-factorial, z ∈ Z is a nonrational singularity. According to Theorem 2.3, it is unique. Passing to a resolution of z ∈ Z, we can apply a variant of the Fujita-Zariski Theorem ( [6] , Theorem 1. 19) and conclude that Z ′ = {z}. Obviously, the preimage f −1 (z) is disjoint from the exceptional curve R ⊂ X, hence consist of a single point x ∈ X − R. We conclude X ′ = F ∪ {x}, and in turn P (−K X ) = Z − {z}.
